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(i) Answer all questions. (i) X is a metric space. (iii) B.(a) = {x € X : d(z,a) < r}.

(1) (10 marks) Let f : [0,1] — R be a bounded function, and suppose the lower integral
of f on [0, 1] is positive. Prove that there exists an interval [ry, 5] C [0, 1], r1 # 79,
such that f(z) > 0 for all = in [ry, ro].

(2) (10 marks) Let f be a Riemann integrable function on [a,b], a < b, and let F(z) =

[Z f(t)dt, = € [a,b]. Prove that F is continuous on [a, b)].
2
(3) (10 marks) Find the limit (if exists):  lim .
(@)= (00) T2 + y?
(4) (10 marks) Let f : R™ — R be a C*°-function, and let

g(xy, ..., z) = f(e™, ..., e"),

for all (xy,...,z,) € R". Suppose that

> (5L +ndl) 0

=1
Compute ; 8_333
(5) (15 marks) Which of the following statements are true, and which are false? Justify
your answer.
(i) B.(a) = {z € X : d(z,a) < r}.
(ii) If every subset of X is compact, then X is a finite set.
(iii) Interior of a connected subset of X is connected.

(6) (15 marks) Let X be a compact metric space, and let f : X — X be a function.
Suppose that

d(f(x), f(y)) < d(z,y),

for all © # y. Prove that f has a unique fixed point.

(7) (15 marks) Let X be a complete countable metric space. Prove that there exists an
element z € X such that {z} is open.

(8) (15 marks) Determine the nature of the critical points of f(z,y) = 2% —6xy + 3>+ 4y,
(z,y) € R2.

(9) (15 marks) Let f : R*> — R be a function. Suppose that f is differentiable at (0,0)

and
o 1@.0) = fo,—)

x—0 x

= 1.

Compute 2—5(0, 0).



